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Abstract In this paper we give the closed form expressions of some higher order nonlinear rational 
partial diﬀerence equations in the form 
X n,m = X n −r,m −r 
 + ∏ r i=1 X n −i,m −i 
where n, m ∈ N and the initial values X n , t , X t,m −r are real numbers with t ∈ { 0 , −1 , −2 , . . . , −r + 1 } 
such that 
∏ r −1 
j=0 X j −r +1 ,i+ j −r +1  = − and 
∏ r −1 
j=0 X i+ j −r +2 , j −r +1  = −, i ∈ N 0 . 
We will use a new method to prove the results by using what we call ‘piecewise double mathematical 
induction’ which we introduce here for the ﬁrst time as a generalization of many types of mathematical 
induction. As a direct consequences, we investigate and conclude the explicit solutions of some higher 
order ordinary diﬀerence equations. 
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s we know, the examining of ordinary diﬀerence equations has 
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ttp://dx.doi.org/10.1016/j.joems.2016.03.004 nce equations (P Es) have not happened on the same full at-
entiveness. Both of partial and ordinary diﬀerence equations 
ight be found in the study of probability, dynamics and other
ranches of mathematical physics. Moreover, partial diﬀerence 
quations emerge in topics comprising population dynamics 
ith spatial migrations, chemical reactions, and ﬁnite diﬀerence 
chemes. Indeed Lagrange and Laplace took into consideration 
he solution of partial diﬀerence equations in their studies of 
ynamics and probability. 
As our ﬁrst example (discrete heat equations) of modeling 
ealistic problems by partial diﬀerence equations, consider the 
emperature distribution of a “very long” rod. Assume that the duction and hosting by Elsevier B.V. This is an open access article 
nc-nd/4.0/ ). 
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lows: rod is so long that it can be laid on top of the set Z of integers.
Let V ( s , t ) be the temperature at the integral time t and integral
position s of the rod. At time t , if the temperature V (s − 1 , t)
is higher than V ( s , t ), heat will ﬂow from the point s − 1 to s .
The amount of growing is V (s, t + 1) −V (s, t) and it is plausi-
ble to presume that the increase is proportional to the diﬀerence
 (s − 1 , t) −V (s, t) , say r (V (s − 1 , t) −V (s, t)) where r is a
positive diﬀusion rate constant, that is V (s, t + 1) −V (s, t) =
r (V (s − 1 , t) −V (s, t)) , r > 0. Similarly, heat will outﬂow from
the point s + 1 to s if V (s + 1 , t) > V (s, t) . Thus, it is reason-
able that the total eﬀect is 
 (s, t + 1) −V (s, t) 
= r (V (s − 1 , t) −V (s, t) + r (V (s + 1 , t) −V (s, t)) 
Such a postulate can be regarded as a discrete Newton law of
cooling. 
An another example, the following partial diﬀerence
equations: 
s (n +1) k = s (n ) k −1 − ns (n ) k , 1 ≤ k < n. 
S (n +1) k = S (n ) k −1 + kS (n ) k , 1 ≤ k < n. 
The solutions of these partial diﬀerence equations are the
Stirling numbers of the ﬁrst kind s (n ) k and the Stirling numbers
of the second kind S (n ) k , respectively. 
Some authors scrutinize the closed form solutions for nomi-
nated partial diﬀerence equations. 
For instance, [1] Heins established the solution of the partial
diﬀerence equation 
T { n + 1 , m } + T { n − 1 , m } = 2 T { n, m + 1 } 
under some assumed conditions. 
For more results about partial diﬀerence expressions we in-
dicate to [2–13] . 
In this paper, we studied the closed form expressions of some
higher order non-linear rational partial diﬀerence equations in
the formularization 
X n,m = X n −r,m −r 
 + ∏ r i=1 X n −i,m −i (1)
where n, m ∈ N ,  = ±1 and the initial values X n , t , X t,m −r
are real numbers with t ∈ { 0 , −1 , −2 , . . . , −r + 1 } such that∏ r −1 
j=0 X j −r +1 ,i+ j −r +1  = − and 
∏ r −1 
j=0 X i+ j −r +2 , j −r +1  = −,
i ∈ N 0 . 
As a direct consequences, we investigate and conclude the ex-
plicit solutions of some higher order ordinary diﬀerence equa-
tions in the following form 
X n = X n −r ±1 + ∏ r i=1 X n −i (2)
where n ∈ N , and the initial values X p are real numbers with
p ∈ { 0 , −1 , −2 , . . . , −r + 1 } such that ∏ r j=1 X 1 − j  = ∓1 . 
In order to prove the main results we demand the following
deﬁnition which we display here for the ﬁrst time as a general-
ization of many types of mathematical induction. Deﬁnition 1. (Piecewise Double Mathematical Induction of
r -pieces). Let H ( n , m ) be a statement involving two positive in-
teger variables n and m . Besides, we suppose that the statement
H ( n , m ) is piecewise with r -pieces. Then the statement H ( n , m )
holds if 
1. H (L 1 + α, L 2 + β) 
2. If H (n, L 2 + β) , then H (n + r, L 2 + β) 
3. If H ( n , m ), then H (n, m + r ) 
where α, β ∈ { 0 , 1 , 2 , . . . , r − 1 } and L 1 and L 2 are the small-
est values of n and m . 
We brieﬂy call this concept “r-double mathematical
induction”. 
Remark 1. We can see that the previous concept generalize
many types of mathematical induction. For instances, 
1. If r = 1 , we have α, β = 0 , thus we have the well known dou-
ble mathematical induction. 
2. If r = 2 , we have α, β ∈ {0, 1}, thus we have the odd–even
double mathematical induction. 
3. If r = 3 , we have α, β ∈ {0, 1, 2}, thus we have the 3-double
mathematical induction. 
Remark 2. If we put n = m we have a special case of the above
deﬁnition which introduce an another new concept. This type
of mathematical induction called “Piecewise Mathematical In-
duction of r -pieces”. In this case, if we put r = 1 with n = m
we easily get the basic mathematical induction. Also if we put
r = 2 with n = m, we get easily the odd–even mathematical
induction. 
2. Forms of solutions 
In this section we shall give explicit forms of solutions of the
higher order partial diﬀerence Eq. (1) . 
2.1. Form of solutions for P E (1) when  = 1 
In this section we study the following higher order partial dif-
ference equation 
X n,m = X n −r,m −r 1 + ∏ r i=1 X n −i,m −i (3)
2.1.1. The case when r = 2 
In this case we have a second order partial diﬀerence equation
in the form 
X n,m = X n −2 ,m −2 1 + X n −1 ,m −1 X n −2 ,m −2 (4)
Here, we give the closed form solution of the partial diﬀerence
Eq. (4) . 
Theorem 2. Let { X n,m } ∞ n,m = −k be a solution of the partial diﬀerence
Eq. (4) , where n, m ∈ N and the initial values X n , t , X t,m −2 are
real numbers with t ∈ { 0 , −1 } . Suppose ∏ 1 j=0 X j −1 ,i+ j −1  = −1 and∏ 1 
j=0 X i+ j, j−1  = −1 
Then, the form of solutions of Eq. (4) , for n ≥ m are as fol-
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P
o m,n = X −(2 −q ) ,n −m −(2 −q ) 
m −q 
2 ∏ 
k =0 
1 + (2 k + q − 1) X 0 ,n −m X −1 ,n −m −1 
1 + (2 k + q ) X 0 ,n −m X −1 ,n −m −1 
(5) 
 n,m = X n −m −(2 −q ) , −(2 −q ) 
m −q 
2 ∏ 
k =0 
1 + (2 k + q − 1) X n −m, 0 X n −m −1 , −1 
1 + (2 k + q ) X n −m, 0 X n −m −1 , −1 
(6) 
here m = 2 L + q , q = 1 or 2 , and L ≥ 0 . 
roof. We shall use the principle of piecewise double math- 
matical induction deﬁned in deﬁnition (1) . Firstly, we shall 
rove that the relations (5) and (6) hold for (n, m ) = (1 , 1) .
rom Eq. (4) we can see 
 1 , 1 = X −1 , −1 1 + X 0 , 0 X −1 , −1 = X −1 , −1 
0 
2 ∏ 
k =0 
1 + (2 k ) X 0 , 0 X −1 , −1 
1 + (2 k + 1) X 0 , 0 X −1 , −1 
Now, we shall prove that the relations (5) and (6) hold for
n, m ) = (2 , 2) . 
 2 , 2 = X 0 , 0 1 + X 0 , 0 X 1 , 1 = 
X 0 , 0 
1 + X 0 , 0 ( X −1 , −1 1+ X 0 , 0 X −1 , −1 ) 
= X 0 , 0 
(
1 + X 0 , 0 X −1 , −1 
1 + 2 X 0 , 0 X −1 , −1 
)
= X 0 , 0 
2 −2 
2 ∏ 
k =0 
1 + (2 k + 1) X 0 , 0 X −1 , −1 
1 + (2 k + 2) X 0 , 0 X −1 , −1 
Moreover, we shall prove that the relations (5) and (6) hold 
or (n, m ) = (1 , 2) and (n, m ) = (2 , 1) . 
 1 , 2 = X −1 , 0 1 + X −1 , 0 X 0 , 1 = X −1 , 0 
1 −1 
2 ∏ 
k =0 
1 + (2 k ) X −1 , 0 X 0 , 1 
1 + (2 k + 1) X −1 , 0 X 0 , 1 
 2 , 1 = X 0 , −1 1 + X 0 , −1 X 1 , 0 = X 0 , −1 
1 −1 
2 ∏ 
k =0 
1 + (2 k ) X 0 , −1 X 1 , 0 
1 + (2 k + 1) X 0 , −1 X 1 , 0 
Now suppose that the relations (5) and (6) hold for m = 1
nd m = 2 with n ∈ N . So we have, 
 n,m +2 = X n −2 ,m 1 + X n −2 ,m X n −1 ,m +1 = 
X n −m −2
1 + 
(
X n −m −2 , 0 
∏ m −2 
2 
k =0 
1+(2 k +1) X n −
1+(2 k +2) X n −
= 
X n −m −2 , 0 
∏ m −2 
2 
k =0 
1+(2 k +1) X n −m −2 , 0 X n −m −3 , −1 
1+(2 k +2) X n −m −2 , 0 X n −m −3 , −1 
1 + X n −m −2 , 0 X n −m −3 , −1 
1+(m +1) X n −m −2 , 0 X n −m −3 , −1 
= X n −m −2 , 0 
m 
2 ∏ 
k =0 
1
1
 n,m +2 = X n −2 ,m 1 + X n −2 ,m X n −1 ,m +1 = 
X n −m −3
1 + 
(
X n −m −3 , −1 
∏ m −1 
2 
k =0 
1+(2 k ) X n −
1+(2 k +1) X n
= 
X n −m −3 , −1 
∏ m −1 
2 
k =0 
1+(2 k ) X n −m −3 , −1 X n −m −2 , 0 
1+(2 k +1) X n −m −3 , −1 X n −m −2 , 0 
1 + X n −m −3 , −1 X n −m −2 , 0 
1+(m +1) X n −m −3 , −1 X n −m −2 , 0 
= X n −m −3 , −1 
m∏
k = n, 1 = X n −2 , −1 
0 ∏ 
k =0 
1 + (2 k ) X n −2 , −1 X n −1 , 0 
1 + (2 k + 1) X n −2 , −1 X n −1 , 0 
= X n −2 , −1 
1 + X n −2 , −1 X n −1 , 0 
 n, 2 = X n −2 , 0 
(
1 + X n −2 , 0 X n −3 , −1 
1 + 2 X n −2 , 0 X n −3 , −1 
)
Now we try to prove that relations (5) and (6) hold for m = 1
ith n + 2 . 
 n +2 , 1 = X n, −1 1 + X n, −1 X n +1 , 0 = X n, −1 
0 
2 ∏ 
k =0 
1 + (2 k ) X n, −1 X n +1 , 0 
1 + (2 k + 1) X n, −1 X n +1 , 0 
Now we try to prove that relations (5) and (6) hold for m = 2
ith n + 2 . 
 n +2 , 2 = X n, 0 1 + X n, 0 X n +1 , 1 = 
X n, 0 
1 + X n, 0 ( X n −1 , −1 1+ X n −1 , −1 X n, 0 ) 
 
X n, 0 (1 + X n −1 , −1 X n, 0 ) 
1 + 2 X n −1 , −1 X n, 0 = X n, 0 
2 −2 
2 ∏ 
k =0 
1 + (2 k + 1) X n, 0 X n −1 , −1 
1 + (2 k + 2) X n, 0 X n −1 , −1 
Finally, we suppose that relations (5) and (6) hold for n, m ∈
 . We shall prove that relations (5) and (6) hold for n, m + 2 ∈
 . 
From Eq. (4) we have 
 n,m +2 = X n −2 ,m 1 + X n −2 ,m X n −1 ,m +1 
There are four cases: 
1) If n > m + 2 and m even. 
 −2 
2 
 =0 
1+(2 k +1) X n −m −2 , 0 X n −m −3 , −1 
1+(2 k +2) X n −m −2 , 0 X n −m −3 , −1 
 n −m −3 , −1 
 n −m −3 , −1 
)(
X n −m −3 , −1 
∏ m 
2 
k =0 
1+(2 k ) X n −m −3 , −1 X n −m −2 , 0 
1+(2 k +1) X n −m −3 , −1 X n −m −2 , 0 
)
2 k + 1) X n −m −2 , 0 X n −m −3 , −1 
2 k + 2) X n −m −2 , 0 X n −m −3 , −1 
2) If n > m + 2 and m odd 
 
m −1 
2 
k =0 
1+(2 k ) X n −m −3 , −1 X n −m −2 , 0 
1+(2 k +1) X n −m −3 , −1 X n −m −2 , 0 
 
X n −m −2 , 0 
1 X n −m −2 , 0 
)(
X n −m −2 , 0 
∏ m −1 
2 
k =0 
1+(2 k +1) X n −m −2 , 0 X n −m −3 , −1 
1+(2 k +2) X n −m −2 , 0 X n −m −3 , −1 
)
1 + (2 k ) X n −m −3 , −1 X n −m −2 , 0 
 (2 k + 1) X n −m −3 , −1 X n −m −2 , 0 
3) If n < m + 2 and m even 
By symmetry, using relations (5) and (6) , we can prove it like
part (1). 
4) If n < m + 2 and m odd 
By symmetry, using relations (5) and (6) , we can prove it like
part (2). 
roposition 1. We have the following properties for the solutions 
f Eq. (4) : 
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 (i) If m even and X n −m, 0 = 0 , then X n,m = 0 . 
(ii) If m odd and X n −m, 0 = 0 , then X n,m = X n −m −1 , −1 . 
(iii) If m even and X n −m −1 , −1 = 0 , then X n,m = X n −m, 0 . 
(iv) If m odd and X n −m −1 , −1 = 0 , then X n,m = 0 . 
(v) If m even and X 0 ,n −m = 0 , then X m,n = 0 . 
(vi) If m odd and X 0 ,n −m = 0 , then X m,n = X −1 ,n −m −1 . 
(vii) If m even and X −1 ,n −m −1 = 0 , then X m,n = X 0 ,n −m . 
(viii) If m odd and X −1 ,n −m −1 = 0 , then X m,n = 0 . 

2.1.2. The case when r = 3 
In this case we have a third order partial diﬀerence equation in
the form 
X n,m = X n −3 ,m −3 1 + X n −1 ,m −1 X n −2 ,m −2 X n −3 ,m −3 (7)
Theorem 3. Let { X n,m } ∞ n,m = −k be a solution of the higher order
partial diﬀerence Eq. (7) , where n, m ∈ N ,and the initial val-
ues X n , t , X t,m −3 are real numbers with t ∈ { 0 , −1 , −2 } . Suppose∏ 2 
j=0 X i+ j −1 , j −2  = −1 and 
∏ 2 
j=0 X j −2 ,i+ j −2  = −1 . Then, the form
of solutions of Eq. (7) , n ≥ m are as follows: 
X m,n = X −(3 −q ) ,n −m −(3 −q ) 
m −q 
3 ∏ 
k =0 
1 + (3 k + q − 1) ∏ 2 i=0 X −i,n −m −i 
1 + (3 k + q ) ∏ 2 i=0 X −i,n −m −i 
X n,m = X n −m −(3 −q ) , −(3 −q ) 
m −q 
3 ∏ 
k =0 
1 + (3 k + q − 1) ∏ 2 i=0 X n −m −i, −i 
1 + (3 k + q ) ∏ 2 i=0 X n −m −i, −i 
where m = 3 L + q , 3 ≥ q ≥ 1 , q ∈ N and L ≥ 0 . 
Proof. We can prove the theorem by using 3-double mathemat-
ical induction (see deﬁnition (1) ) as in Theorem (2) . 
2.1.3. The general case for any value of r 
Here, we give the generalized formulas of solutions for the
higher order partial diﬀerence Eq. (3) . 
Theorem 4. Let { X n,m } ∞ n,m = −k be a solution of the higher order
partial diﬀerence Eq. (3) , where n, m ∈ N , and the initial val-
ues X n , t , X t,m −r are real numbers with t ∈ { 0 , −1 , −2 , . . . , −r +
1 } . Suppose ∏ r −1 j=0 X j −r +1 ,i+ j −r +1  = −1 and ∏ r −1 j=0 X i+ j −r +2 , j −r +1  =
−1 , i ∈ N 0 . Then, the form of solutions of Eq. (3) , for n ≥ m are
as follows: 
X m,n = X −(r −q ) ,n −m −(r −q ) 
m −q 
r ∏ 
k =0 
1 + (rk + q − 1) ∏ r −1 i=0 X −i,n −m −i 
1 + (rk + q ) ∏ r −1 i=0 X −i,n −m −i 
X n,m = X n −m −(r −q ) , −(r −q ) 
m −q 
r ∏ 
k =0 
1 + (rk + q − 1) ∏ r −1 i=0 X n −m −i, −i 
1 + (rk + q ) ∏ r −1 i=0 X n −m −i, −i 
where m = rL + q , r ≥ q ≥ 1 , r ≥ 2 , r ∈ N and L ≥ 0 . 
Proposition 2. Suppose L ≥ 0 , L ∈ N and p , q ≥ 1, we have the
following properties for the solutions of Eq. (3) : 
(i) If m = rL + p and X −(r −q ) ,n −m −(r −q ) = 0 , then 
X m,n = 
{
X −(r −p) ,n −m −(r −p) , p  = q ;
0 p = q 
ii) If m = rL + p and X n −m −(r −q ) , −(r −q ) = 0 , then 
X n,m = 
{
X n −m −(r −p) , −(r −p) , p  = q ;
0 p = q 2.2. Form of solutions for P E (1) when  = −1 
In this section we study the following higher order partial dif-
ference equation 
X n,m = X n −r,m −r −1 + ∏ r i=1 X n −i,m −i (8)
2.2.1. When r even 
In this case we have the following higher order partial diﬀerence
equation 
X n,m = X n −2 λ,m −2 λ−1 + ∏ 2 λi=1 X n −i,m −i (9)
where λ ≥ 1, λ ∈ N . 
Theorem 5. Let { X n,m } ∞ n,m = −k be a solution of the higher order par-
tial diﬀerence Eq. (9) , where n, m ∈ N , and the initial values X n , t ,
X t,m −2 λ are real numbers with t ∈ { 0 , −1 , −2 , . . . , −2 λ + 1 } . Sup-
pose 
∏ 2 λ−1 
j=0 X j −2 λ+1 ,i+ j −2 λ+1  = 1 and 
∏ 2 λ−1 
j=0 X i+ j −2 λ+2 , j −2 λ+1  = 1 ,
i ∈ N 0 . Then, the form of solutions of Eq. (9) ,for n ≥ m are as
follows: 
X m,n = 
⎧ ⎪ ⎪ ⎪ ⎪ ⎨ 
⎪ ⎪ ⎪ ⎪ ⎩ 
X −(2 λ−s ) ,n −m −(2 λ−s ) 
(−1+ ∏ 2 λ−1 i=0 X −i,n −m −i ) 
m +2 λ−s 
2 λ
, m = 2 λK + s, s < 2 λ;
X −(2 λ−t) ,n −m −(2 λ−t) m = 2 λK + t, t ≤ 2 λ(
−1 + 
2 λ−1 ∏ 
i=0 
X −i,n −m −i 
)m +2 λ−t 
2 λ
, 
X n,m = 
⎧ ⎪ ⎪ ⎪ ⎪ ⎨ 
⎪ ⎪ ⎪ ⎪ ⎩ 
X n −m −(2 λ−s ) , −(2 λ−s ) 
(−1+ ∏ 2 λ−1 i=0 X n −m −i, −i ) 
m +2 λ−s 
2 λ
, m = 2 λK + s, s < 2 λ;
X n −m −(2 λ−t) , −(2 λ−t) m = 2 λK + t, t ≤ 2 λ(
−1 + 
2 λ−1 ∏ 
i=0 
X n −m −i, −i 
)m +2 λ−t 
2 λ
, 
where λ ≥ 1, λ ∈ N , s will be odd, t will be even and K ≥ 0 . 
2.2.2. When r odd 
In this case we have the following higher order partial diﬀerence
equation 
X n,m = X n −(2 μ+1) ,m −(2 μ+1) −1 + ∏ (2 μ+1) i=1 X n −i,m −i (10)
where μ ≥ 1, μ ∈ N . 
Theorem 6. Let { X n,m } ∞ n,m = −k be a solution of the higher order par-
tial diﬀerence Eq. (10) , where n, m ∈ N , and the initial values
X n , t , X t,m −2 μ−1 are real numbers with t ∈ { 0 , −1 , −2 , . . . , −2 μ} .
Suppose 
∏ 2 μ
j=0 X j −2 μ,i+ j −2 μ  = 1 and 
∏ 2 μ
j=0 X i+ j −2 μ+1 , j −2 μ  = 1 , i ∈
N 0 . Then, the form of solutions of Eq. (10) , for n ≥ m are as
follows: 
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  m,n = 
⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 
⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 
X −(2 μ−s +1) ,n −m −(2 μ−s +1) 
−1+ ∏ 2 μi=0 X −i,n −m −i 
, m = (2 μ + 1) K + s, 
s ≤ 2 μ + 1 , s, od d ;
X −(2 μ−t+1) ,n −m −(2 μ−t+1) 
(
−1 + 
2 μ∏ 
i=0 
X −i,n −m −i 
)
, 
m = (2 μ + 1) K + t, t < 2 μ + 1 , t, even 
X −(2 μ−u +1) ,n −m −(2 μ−u +1) , m = (2 μ + 1)(K + 1) + u, 
1 ≤ u ≤ 2 μ + 1 
 n,m = 
⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 
⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 
X n −m −(2 μ−s +1) , −(2 μ−s +1) 
−1+ ∏ 2 μi=0 X n −m −i, −i 
, m = (2 μ + 1) K + s, 
s ≤ 2 μ + 1 , s, od d ;
X n −m −(2 μ−t+1) , −(2 μ−t+1) 
(
−1 + 
2 μ∏ 
i=0 
X n −m −i, −i 
)
, 
m = (2 μ + 1) K + t, t < 2 μ + 1 , t, even 
X n −m −(2 μ−u +1) , −(2 μ−u +1) , m = (2 μ + 1)(K + 1) + u, 
1 ≤ u ≤ 2 μ + 1 
. Applications 
.1. When n = m in Eq. (3) 
f we take into account that n = m in Eq. (3) , we have an ordi-
ary diﬀerence equation of high order in the form 
 n = X n −r 1 + ∏ r i=1 X n −i (11) 
e can drive the formulas of solutions for this diﬀerence equa- 
ion from theorem (4) . 
orollary 7. Let { X n } ∞ n = −k be a solution of the higher order diﬀer-
nce Eq. (11) , where n ∈ N , and the initial values X s are real num-
ers with s ∈ { 0 , −1 , −2 , . . . , −r + 1 } . Suppose ∏ r j=1 X 1 − j  = −1
hen, the form of solutions of Eq. (11) , is given by: 
 n = X −(r −q ) 
n −q 
r ∏ 
k =0 
1 + (rk + q − 1) ∏ r −1 i=0 X −i 
1 + (rk + q ) ∏ r −1 i=0 X −i 
where n = rL + q , r ≥ q ≥ 1 , r ≥ 2 , r ∈ N and L ≥ 0 . 
roposition 3. Suppose L ≥ 0 , L ∈ N and p , q ≥ 1, we have the
ollowing properties for the solutions of Eq. (11) : 
If n = rL + p and X −(r −q ) = 0 , then 
 n = 
{
X −(r −p) , p  = q ;
0 p = q 
.2. When n = m in Eq. (8) 
e have following higher order ordinary diﬀerence equation 
 n = X n −r −1 + ∏ r i=1 X n −i 
.2.1. When r even 
n this case we have the following higher order ordinary diﬀer- 
nce equation 
 n = X n −2 λ−1 + ∏ 2 λi=1 X n −i (12) 
here λ ≥ 1, λ ∈ N . orollary 8. Let { X n } ∞ n = −k be a solution of the higher order
iﬀerence Eq. (12) , where n ∈ N , and the initial values X p 
re real numbers with p ∈ { 0 , −1 , −2 , . . . , −2 λ + 1 } . Suppose
 2 λ
j=1 X 1 − j  = 1 Then, the form of solutions of Eq. (12) are as
ollows: 
 n = 
⎧ ⎪ ⎪ ⎪ ⎪ ⎨ 
⎪ ⎪ ⎪ ⎪ ⎩ 
X −(2 λ−s ) 
(−1+ ∏ 2 λ−1 i=0 X −i ) 
n +2 λ−s 
2 λ
, n = 2 λK + s, s < 2 λ, s, od d ;
X −(2 λ−t) 
(
−1 + 
2 λ−1 ∏ 
i=0 
X −i 
) n +2 λ−t 
2 λ
, 
n = 2 λK + t, t ≤ 2 λ, t, even 
where λ ≥ 1 , λ ∈ N and K ≥ 0 . 
emark 3. We can see that if n → ∞ , n odd, then X n → 0 and
f n → −∞ , n even, then X n → 0. 
.2.2. When r odd 
n this case we have the following higher order diﬀerence 
quation 
 n = X n −(2 μ+1) −1 + ∏ (2 μ+1) i=1 X n −i (13) 
here μ ≥ 1, μ ∈ N . 
orollary 9. Let { X n } ∞ n = −k be a solution of the higher or-
er diﬀerence Eq. (13) , where n ∈ N , and the initial values
 p are real numbers with p ∈ { 0 , −1 , −2 , . . . , −(2 μ) } . Suppose
 2 μ+1 
j=1 X 1 − j  = 1 Then, the form of solutions of Eq. (13) are as
ollows: 
 n = 
⎧ ⎪ ⎪ ⎪ ⎨ 
⎪ ⎪ ⎪ ⎩ 
X −(2 μ−s +1) 
−1+ ∏ 2 μi=0 X −i 
, s ≤ 2 μ + 1 , s, od d ;
X −(2 μ−t+1) 
(
−1 + 
2 μ∏ 
i=0 
X −i 
)
, t < 2 μ + 1 , t, even 
X −(2 μ−u +1) , 1 ≤ u ≤ 2 μ + 1 
emark 4. We can easy see that the solution of Eq. (13) is peri-
dic of period 4 μ + 2 . 
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